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OEMATA MAOGHMATIKQN I’ AYKEIOY
OETIKHZ-TEXNOAOI'KHZ KATEYOYNZHZ

AMNANTHZEIZ
OEMA 10
A. Aec oyomod Pipiio, oerida 194: Ochpno EVOLAUECHY TULOV.
B. I, > 0 Aeg ox0M0 cerida 346.

L=1(3) — f(0) <0 yati f(3) <£(0)
L=£'G3)-f'(0) <0 yati n Khion g Cr oto (3, £ (3) ) etvan apvnTikn kon oo (0, £ (0) ) eivon

OeTucn.
I. 1>y
2P
3—>a
40
A. Aec oyomod Pipiio, oerida 224 otiyor 1 €mg 8.

OEMA 20

‘Exovpe: lim (g(x)+2)=0 (1) wou lim (f(x)-x-2)=0 (2)
g'(x)

f'(x)-1

a. i) To Khéopa opiletan og drdotnua A g popeng (a, +o) , apov f'(x)#1. Xto A givan

@+ 8
f(x)-x-2) f'(x)-1
A . ' 1o\ — Vo —F "+ A . 1 g' (X) —]
Axopa: f'(x)-g'(x)=leg '(x)=f'(x)-1, onote: lim ————=1.
x—t+o f '(X) -1
Ao 10 TpdTo Hedpn e tov De 1" Hospital Tpoxvmntet:
et IR =S o [, S0
x>+ f(X)-X-2  xoto (f(X)-X-2)" x>t £(x)-1

ii) Etvar lim (g(x)+2)=0< lim g(x)=-2, dpan C; £xel 610 +oo oprlévTio acOumT@T TNV €Vheia
X—>+00 X—>+00

y=-2.
ITanm, lim (f(x)-x-2)=0 < lim [f(x) -(x+2)] =0, gpan C; €yl 610 +o0 TAAYLO AGCOUTTMOTY
X —>+00 X—>+00

mv evbeia y = x+2

P) Eotm 6T n g £xel 000 SLoPopeTIKES Pileg p1, P2 610 R pe py < po. ((omddelén pe dromo)
Epoppoéleton to Bedpnpa tov Rolle yio mv g oto [p1, po] ywoti , og mopaymyiciun oto R
e 1 g eivon cuveyng oto [p1.p2]
e 1 g eivon mapaywyioyun oto (pr,po) , KO OKOUOL
e g(p1) = g&(p2)=0.
Emnopévac, vrdpyel E€(py, po) té€tolo, dote g '(§)=0. Tote: f'(€)- g'(¢)=1 < f'(§)=1. Atomo,
ywori £'(x) # 1. 'Etot, 1 g €xet to molv ua piCa oto R.

v) ‘Exovpe f'(x)-g'(x) =x < (f(x)-g(x))' = (X)', dpa, ond Tig cvvéneleg tov O. M. T. tov dtapopikod
Loytopov, vrdpyet apidpog ce R tétowog, mote f(x)-g(x)=x+c (1) 1
fx)—x2=gx)+2+c4. (2)
Emedn vmépyovv ta 6proe lim (f(x)-x-2)=0 kou lim [(g(x)+2)+c-4]=0+c-4, omd v (2)

eivan ioa. TIpokvmrel, emopévag : 0 =c—4 Nc=4. Apa, eivon: f(x)-g(x)=x—4, xeR.
[ Zmv (1) katar)yovpe kot pe 0OAOKANP®OT TV Vo perdv g f'(xX)-g'(x) =x |




OEMA 30

A. i) Emedn, mpopavar, n f(t)= - glvon cuvene oto R, n g mapoywyiCeton oto R pe

ate

g 'x) = > 0, emopevemg, M g sivon yvnoing avéovoa ko cav té€town sivon 1-1 won

a+e
OVTIGTPEPETOAL.
ii) H C, eivor t0 cvoro tov onueimv (X, g(x)) pe xe R, dpon Cg’1 glvon T0 6UVOLO TV oNuEi®Y
(g(x), X) ko ¢' apTv aviikovy ot elkoveg M(g(x), X) Tov z = g(x)+xi, xe R

B. @) 'Exovpe koatd cepa
|z +| <|z-1] & | g(x)—xiti | < | g(x)+xi—1]|

o229 +1-9? <4@x)-1)? +x>
.2 $2g(x) © g(x) =X
< Re(z) <Im(z), xeR

B) Beswpovpe v cvvaptnon: h(x) = g(x) — x, xeR.
A7né 10 Ba givon g(x) < x <= g(x) x<0 < h(x) <0 via kdbe xeR.

02
Axodpo, g(0)= —tdx =0 < h(0)=0, €toin h &xer akpdtato (0AKkd péyioto) yio x=0.
0 a+e

Eivm h'(x)=g'x)-1=

T 1, xeR
ote

Eme1dn 1o x=0 givor ecmtepikd onpeio tov mediov opiopot g h kon 1 h Ttapaywyileton ¢' onto,

-1=0< o=1.

and to Oedpnuo tov Fermat mpokvrtet : h'(0)=0 1 icodvvopo 5
+e

v. 'Emeion n g mapaywyiCetoan oto R Oa eivon cuveyng oo [1, 2] xon mopoyayiciun oto (1, 2). And to
®.M.T tov dtapopikov Aoyioov, vrdpyet Se(1, 2) ue
g(2)-gl)
2-1

22 12 2
dt—j di=—"— 3
J.O a+e' 0 a+e' ate®

=g'¢) N

201 | 1
J' di - dt = (1
0 g+e! 0 g+e’ a+et

‘Enedn &e(1, 2) eivon d1060y1Kd:
1<g<2 1

e<e°<e’ [ ¢ ywnoing avéovoa oto R | 1

l+e < I4e°< 1+¢* 7

1 _ 1 _ 1 ,
1+e? 1+e¢> 1+e N
1 1 1
< < [ o=1]

2

l+e a+e> l+e

kor M (1) oivel To {nrovuevo:

2 |
—<| ! ar-| Lot
1+e 0 a+et 0 a+et 1+e
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a) i) Eivm f’x)+g?®=1 (1), xeR
kn  fX)=g x)=#0 (2), xeR
OTmoTE:
(20 +2°(®)' =0
n 2(f '(x) +2g(x)g '(x) = 0
n 2f(x)g “(x) +2g(x)g'(x) =0
kon emedn g(x) = 0 etvan f (x)g(x) + g'(x) = 0 < g'(x) = —f(x) g(x), xe R

ii) Eme1om n g dev pnodevileton Kon givon cuveyng, g mopaymyioun, dtotnpel otabepd Tpdc o 6To
R. Eivar g(0)=1>0, dpo
gx)>0 3), xeR.
H f eivon yvnoimg avéovsa 6to R | yioti and v (2): £'(x)=g*(x) > 0.
Ao v (1): £ (0)+ g 0) =1 = 0)+1=1=F0)=0. 4)
‘Etot,
e 7o x<0=fX<f0)<=fkx)<0
e 7o x>0=fX>f0)<=fx)>0
H g '(x)=—g(x)f(x), Moyw g (3), €xel ywo kdbe x # 0 avrtifeto mpoonpo ¢ f(X), mov onpaivel ot
e yio x<Oeivuf(x)<0<=g'(x)>0 ko
e yio x>0eivanf(x)>0<=g'(x)<0
Apa, M g ¢ ovveyg oTo X=0, eivan yvnoimg avéovca oto ddotnua (—o, 0] ko yvnoimg
@bivovca oto [0, +o0) Kou €xel akpdtato (0rkd péyioto) to g(0) = 1, T0 0molo OMOSEIKVVEL TO
(nrovpuevo.

B i) Adyo g (3) toydel 1) toodvvapia:
gx) < g(x) & g (%) < g (X)) f!(x) <f'(x2), Y kébs X3, x> € R .
7oL onuaivel, telkd, ottn £ €xel idwor povotovia pe v g. Emopévag, n f etvar kopty oto
(=90, 0], xoiAn o710 [0, +o0) Ko €xel onueio kapmnc o (0, £ (0)) = (0, 0).

Alhoc Tpémog. Encidn n g sivon mopoy@yioyn, sivor mapoyoyisun ko g5, Gpo omd v (2) Kot
N f’, mov onpaivel 6t vrdpyern . Tote:
f'(x) = (f'x)) = (gx) = 2gx) g'(x) &or, omd mv (3),  f"(x) 1o kdbe x # 0 &xet 1510
TpOoNo e TV g'(X):

e yx<0celvarg'(x)>0 < f"(x)>0 ko

e yiox>0elvang'(x) <0 & f"(x) <0
Eneidn n f eivon couveyng kon mapaywyiciun oto Xe=0 mpokvmntel, 0Tl ivan kvpt oto (-, 0],
KoiAn o710 [0, +oo) Ko €xer onueio kaumg o (0, £(0)) = (0, 0).

ii) H {nrovpevn eélowon etvan y—f(0) =f'0) (x-0) 1 y=f'0)x 1 y=x apov amd v (2)
éneton £'(0)=1.

v. Emeion n f eivon koidn oo [0, +o0), ta onueio g Cr eivon Katm omd tor onpeior TS EQARTOUEVIC TG
y=x y1a. kabe xe(0, +o0), enopévemg: x > f (x) & x—f(x) 20 yia kabe xe[0,+0)

51
Eivim E = I|x f(x)|dx = I(X f(X))dx — I[X+ g((’;)j
g(x
0

— XZ = 1
{TJrlmg(x)@O _7+1n|g(1)|-7-1n|g(0)|

:%+ln| g(1)|-ln1:%+ln[g(l)]. [voti g(1)>1 and v (3) |



